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The relationship between group and phase speed in an ocean waveguide is a robust descriptor of signal structure. Since different propagation paths or mode groups have characteristic group-phase speed relations (described by waveguide invariants), it turns out
that this group-phase speed (g-p) structure is also useful for identifying the dominant
fluctuating modal regions in, for example, shallow water internal wave fields. Since an
acoustic time reversal mirror (TRM) works on a retransmission mechanism based on
group speed structure (”last in, first out”), we will use TRM experimental results to illustrate the relation between acoustic fluctuations and g-p structure and to provide guidance
for developing robust acoustic processing methods in fluctuating environments.

1

Introduction

It is well known that quantitative and qualitative information about sound propagation in a
waveguide can be obtained by studying the modal (or ray) group speed (or cycle distance)
and phase speed (or launch angle) relation which we term g-p structure. Much of this in. In this paper we relate the
formation is embedded in the waveguide invariant
g-p structure to acoustic fluctuations, providing insight that can lead to signal processing
methods that are robust in fluctuating environments. We will summarize the background
theory and use results from recent time-reversal experiments (or phase conjugation in the
to demonstrate the existence of simple robust diagnosfrequency domain)
tics that ultimately guide us to stabilizing processing methods. The signal processing we
suggest is then demonstrated by simulation.

2

Group and Phase Speed Structure in Shallow Water

For both reflection and refraction dominated propagation paths, phase speed increases with
increasing launch angle. However, for reflection dominated paths, group speed decreases
with increasing phase speeds whereas for refracting paths, group speed increases with
increasing phase speed. These relations are summarized by the waveguide invariant for
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Figure 1. Group speed vs phase speed for an idealized summer profile (1000 Hz)

mode groups defined as
(1)
and
. The
and
are the m-th
Here
mode group and phase slowness, respectively. The upper bar means the range-averaged
value in a range-dependent ocean environment. By mode groups we mean to include cases
in a waveguide where both refracting and reflecting modes are present (e.g., summer profile
where low modes are refracted below thermocline and higher modes are reflected at both
boundaries); the demarcation between the mode groups varies with frequency.
We use a range-independent waveguide for our baseline environment. The invariant
describes the shift in the waveguide interference structure with respect to frequency
through the relation (ignore the second term on the r.h.s of the equation for the time being)
(2)
For example the peaks in the interference pattern at angular frequency as a function
of range are shifted by
when the frequency under consideration is shifted by
.
Clearly the sign of is important; is typically positive for reflecting environments and
negative for refracting environments
. One generalization to the waveguide
invariant can be written down from Ref.
which is given by all the terms in Eq. 2,
where is a duct thickness confining a particular mode group. For an ideal waveguide,
and
. Thus, increasing the channel depth shifts the interference pattern
out to increasing range, a phenomenon measured during tidal variations and theoretically
. Though the result is simple, if one
predicted from a simple perturbation analysis
has a fixed receiver, this ebb and flow of the single frequency interference pattern appears
as an almost random fluctuation though a spectrogram (intensity vs and time) would
show a distinct pattern. These type of fluctuations have also been addressed in terms of
waveguide invariants both theoretically and experimentally, the latter using the frequency.
time diversity of FM sweeps
With simple group and phase speed arguments, we can identify two types of fluctuations:
1. The first can be thought of as the result of an ebb and flow of modes. If the modes
stay within groups with the same invariant quantity, the flow is similar to the tidal
variation example discussed above.

PREDICTING AND MITIGATING FLUCTUATIONS

120 m

Elba

VRA

TRM

PS
8.1 km

Figure 2. Schematic of TRM experiment. The prope source (PS) is attached to a vertical receive
array (VRA) which sample the backpropagated pulse at the focal distance.

2. The other type is from a modal transition region
where the nature of a mode
changes, for example, a case when a refracted mode changes to a reflected mode.
This can happen for a summer profile where the next mode after the highest mode
refracted below the thermocline is now surface reflected. Such a transition, would
also occur for a given mode in the transition region by going from a higher to lower
frequency (cutoff from refracting to reflecting ducts). By virtue of the generalized
waveguide invariant above, this process would occur at a given frequency by a change
in the refracting duct size as could be caused by internal waves.
Examine Fig. 1 which is a g-p phase speed plot of an idealized summer profile environment. It is where there is an abrupt change in the sound speed profile where internal waves
have the maximum amplitude. For a ray turning around (mode is evanescent) in the phase
speed region around 1500 m/s, we see a maximum variation in group speed; in this region
there will be fluctuations between different modes (phase speeds) with the same group velocity. The fluctuation is between refracting and reflecting paths and therefore is in the
region where is changing sign (slope reversals in g-p curves). A time reversal experiment would emphasize these two phenomena since the first-in last-out processing would
fluctuate between the spatial structure of the incoming field and one in which the modes
are scrambed in the transition region (i.e., same modes transitioning to other group speeds
and modes at the same group speed being redistributed about the local maximum).

3

Performance of a Time Reversal Mirror in Fluctuating Environments

We have already reported on a series of Time Reversal Mirror (TRM) experiments
. Figure 2 shows the basic geometry of these experiments. The probe source
(PS) transmits a signal to the TRM where it is time reversed and retransmitted; a focus is
produced at the PS if the forward and backpropagating environments are the same. Figure 3 shows the environments of the last experiment and the computed g-p curves. By
the arguments above, one should be able to determine which environments would support
time reversal (minimal fluctuation between forward and backpropagating time intervals).
For example, station 1 shows a very unstable profile with many slope reversals whereas
the station 9 is stable up to the phase speed of 1520 m/s corresponding to the maximum
propagating mode. Indeed, the acoustic data verified this relation between stability and
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Figure 3. Sound speed profiles on three consecutive days at nine different positions north of Elba
and corresponding gp curves

g-p curves to the point that by just measuring the sound speed profile and making the g-p
computation, we could predict when time reversal would be robust or problematic.
Now we go to a case where we examine the fluctuating focus as a function of time.
Figure 4 is an example of a single TRM result and Fig. 5 shows a sequence of TRM foci
for which the same probe source signal at the TRM was retransmitted every minute for 50
minutes. In this particular one of many examples, the focus degrades considerably after 10
minutes but reappears after 40 minutes. What we would like is a signal processing method
which stabilizes the focus.

4

Mitigating Fluctuation Effects by Adaptive Processing

Phase conjugation and matched field processing (MFP) are closely related
, the latter
using a computer simulation (replicas) for backpropagation. For MFP, an assortmnt of ro. The sound speed perturbation method (MSC)
bust algorithms have been proposed
based on multi-constraint array processing methods (MLC)
appears promising
and more or less uses replica vectors obtained from a singular value decomposition (SVD)
range = 7.238 km Δr = −3 m
angle = 8.734° Δθ = 0.047°
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Figure 4. Multipath signal received by the TRM (left) and refocused signal at the original PS location
(right)
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Figure 5. Measured time reversal stability with 3.5 kHz transmissions: sequence of TRM foci due
to the same probe signal transmitted every minute for 50 minutes (left) and variation of the intensity
level at the PS positions (right)

of a large matrix representing an ensemble of environments. From Eq. 2, we can think
of the frequency bins of a pulse as containing acoustic information representing different
ranges and/or environmental realizations. The frequency-range shift has alread been ver. Hence, based on Ref.
, we propose the following
ified by TRM experiments
multi-frequency constraint (MFC) procedure
:
The first step is constructing a probe signal matrix by from probe signal vectors as
(3)
probe signal matrix at frequency and each element
is a
signal
where is a
vector. is the number of transducers in the TRM and
is the number of probe signal
vectors received by the TRM, each corresponding to a frequency component extracted from
a broadband pulse
(4)
is a frequency bin around . The performance of the adaptive method depends
where
on how well signal matrix constructed by the multiple frequency bin vectors spans the
ensemble of backpropagating environments as per the physics of Eq. 2.
to the frequency
Next, we adopt the arguments and procedure described in Ref.
vectors hypothesized to span the environmental ensemble as estimated from the generalized waveguide invariant: If we take many frequency bins, the number of vectors spanning
all possible wave-front perturbations can be large but the modal phase perturbations can be
highly correlated among the modes as well as signal pings. The dimension actually is determined by the number of effective internal wave modes interacting with acoustic modes.
. The
Normally, internal waves can be represented by a few modes in shallow water
design of an efficient constraint space for the signal vector consists of selecting the minimum number of vectors that can best approximate the phase perturbation space. This order
reduction can be achieved using the singular value decomposition of the signal matrix
with a rank approximation,
(5)
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Figure 6. Simulated time-reversal focal strength using various adaptive methods: multiple sound
speed constraints (MSC), multiple location constraints (MLC), and multiple frequency constraints
(MFC).

where is the Hermition transpose, is a
matrix whose columns are the left singular
vectors, is a
matrix whose diagonal elements are the singular values of , and
is a
matrix whose columns are the right singular vectors. Now the field vector
for backpropagation is obtained by the linear combination of left singular vectors,
(6)
vector representing the coefficient used for the linear combination of the
where is a
singular vectors. We expect the singular values to decrease rapidly with increasing number
so that in many cases the first singular vector corresponding to the largest singular value is
.
sufficient as a field vector for stable focusing. In this case
The final step is replacing
for the data on the TRM so that the adaptive
time-reversed pressure field becomes
(7)
Here a new source spectrum
is inserted in the backpropagation which can have a
different shape from the original source spectrum used for the probe source signal. This
was designed
process should exhibit a stable focal structure since the field vector
to maintain high correlation with
for all possible wave-front perturbations.
This leads to increased focal sizes and a stable focus since in most cases, higher order
modes, and in particular, those representing rays that turn in the internal wave regions are
de-emphasized.
This algorithm was motivated by the data in our TRM experiments but developed after the last experiment. Therefore we must use simulation to demonstrate its effectiveness. Figure 6 shows a simulation of the data from a TRM experiment exhibiting much
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of the same behavior of the data shown in Fig. 5. Internal wave simulations were based
on Ref
and the broadband normal propagation utilized Ref.
. Figure 6 also
shows an application of the MFC algorithm together with the two other algorithms, MSC
where the latter two methods require an additional (and imand MLC of Refs.
practical) large amount of data – multiple pings or multiple probe source locations
.
The stabilization of the TRM focus is quite evident.

5

Conclusion

In this paper we reviewed how group and phase speed (g-p) structure as summarized by
the generalized waveguide invariant relates environment to the space-time-frequency structure of a propagating signal. We then showed that our stability results from TRM experiments were consistent with our interpretation of the g-p structure. Basically, in this picture,
environmental fluctuations have acoustic trajectories in the multidimensional space-timefrequency space and we normally sense these fluctuations in one of the basis planes (e.g.,
space-time) – possibly and unintentionally maximizing the appearance and effect of fluctuations. Our understanding of frequency-range shift caused by the environment through
the generalized waveguide invariant concept then provides guidance to construct an adaptive procedure to stabilize the focal structure of a TRM in a flucutating environment. The
proposed processing was successfully demonstrated with simulation and the method, by
virtue of its derivation, should also be applicaple to MFP.
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